Using a method modified from that used by Pisot and Schoenberg in 1964-1965, a Cauchy's functional equation with restricted domains in the complex field is solved for uniformly continuous solutions.
Introduction
Consider the Cauchy's functional equation, hereby called CFE, Under various assumptions on A and α j s, Pisot and Schoenberg [8] solved for monotone solutions of (1.1). In a subsequent paper [9] , they treated the case where the domain of solutions is a subset of R n with the following main result. Let α 1 ,α 2 ,...,α A be elements of R n (n < A) satisfying the following conditions:
(1) every set of n elements among the α i is linearly independent over R, (2) the elements α 1 ,α 2 ,...,α A are rationally independent, that is, linearly independent over Q. 
Let S = {
ϕ m is a uniformly continuous function on R m into B. Studying both of Pisot's and Schoenberg's works, we observe two significant features, first, that their method of proof in [9] , both beautiful and powerful, can be extended to 2 Cauchy's functional equation wider classes of functional equations and second, that the rational independence can be replaced by denseness, even though the two conditions are not equivalent. We illustrate these observations by solving similar, but different, CFEs in the complex field together with relevant examples and several remarks relating them with the classical complex CFE (see [1] ) and in particular with an old theorem of Erdös about monotone additive functions (see [4] ). Our main results say roughly that solutions of complex CFEs, uniformly continuous over some dense subsets and additive with respect to certain real or complex base elements, consist generally of two parts, one linear and the other periodic, and the periodic part disappears if each of its elements has a natural dense subdomain.
Case of real base elements
In this section, we solve the CFE (1.1) with real base elements α j and Gaussian integer coefficients.
Theorem 2.1. Let A ∈ N, A ≥ 2, and α 1 ,α 2 ,...,α A ∈ R be such that the set
is dense in C. If f : S + → C is a uniformly continuous solution of the functional equation
then f can be uniquely written as
where λ : C → C is an R-linear function and ϕ m (m = 1,2,...,A) is a complex-valued function defined on
Proof. Let f be a uniformly continuous solution of (2.2). There are three major steps in the proof. First, we show that the two limits lim N→∞ f (Nα m )/N and lim N→∞ f (iNα m )/iN exist. Then we define an R-linear function λ : C → C and show that λ is uniformly continuous on S + . Finally, the periodic functions ϕ m are constructed.
Step 1. Let ε > 0. By the uniform continuity of f , there exists δ > 0 such that
Since S + is dense in C, there are x, y ∈ S + such that |x − y| < δ. Write 
where, for j ∈ J, w ja , w jb are any nonnegative integers,
To prove this inequality, define c
jτ for τ ∈ {a, b}, j ∈ J, and k ∈ N as follows:
which, by the uniform continuity condition (2.5) and the CFE (2.2), yields
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In the last two sums, split J into two pairs of disjoint subsets
where
and we also have a similar expression for b in place of a but with purely imginary arguments. Note that
and similarly,
(2.14)
Using these equations, summing over k = 1,2,...,M in (2.10) and dividing by M, the claim (2. 
where L is any one of the possible limits of the sequence { f (uα m )/u}. We now show that L is unique. Suppose that L 1 , L 2 are any two limits of the sequence.
Step 2. For each
The representation of any x ∈ C with respect to α 1 ,α 2 ,...,α A above is clearly always possible but certainly not unique. We first verify that λ is indeed well defined. To do so, it suffices to show that if 0 = A m=1 (x ma + ix mb )α m , then A m=1 (x ma λ mR + ix mb λ mI ) = 0. There are two possible cases. Case 1. x mτ = 0 for all m ∈ {1, 2,...,A} and all τ ∈ {a, b}. This case is trivial.
Case 2.
There exists x m τ = 0 for some m ∈ {1, 2,...,A} and τ ∈ {a, b}. 
From (2.18), using the fact that x m τ = 0, we arrive at
Clearly, for each m = 1,2,...,A, we have sgnk
using uniform continuity, (2.2), and f (0) = 0, we get as ν → ∞,
and so Step 3. Define the function ω :
Then ω is uniformly continuous and satisfies (2. 
uniformly continuous solution of the CFE (2.2), then f is an
Proof. Suppose that α m and α n are rationally independent and α m /α n < 0. Then both are nonzero and at least one of them is irrational. Consider here the case where α m is irrational > 0 and α n < 0; other cases can be similarly handled. Let r 1 + ir 2 ∈ C and > 0. By Kronecker's theorem, see [5, Chapter II] , there are infinitely many natural numbers u 1 , v 1 and integers u 2 , v 2 such that |u 1 (α m /|α n |) − u 2 − r 1 /|α n || < ε/2|α n |, |v 1 (α m /|α n |) − v 2 − r 2 /|α n || < ε/2|α n |. We can choose these integers so that u 1 α m − r 1 > 0, v 1 α m − r 2 > 0, and so u 2 , v 2 are also positive.
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Let us note in passing that in Proposition 2.3, denseness only requires rational independence of two base elements, which to a certain extent indicates that the two concepts, denseness and rational independence, are not totally equivalent.
Proposition 2.4. Let A ∈ N, A ≥ 3, and α 1 ,α 2 ,. ..,α A ∈ R. If the α j s are pairwise rationally independent, then each
is dense in C. Let r 1 + ir 2 ∈ C and > 0. Again by Kronecker's theorem, there are infinitely many u 1 ,v 1 ∈ N and u 2 ,v 2 ∈ Z such that |u 1 
The combined result of Corollary 2.2 and Proposition 2.4 can be regarded as a complex counterpart to [8, Theorem 2.1], which states roughly that for A = 3, n = 1, if α 1 , α 2 , α 3 are positive and all the possible ratios α k /α j (k = j) are irrational, then increasing functions which are solutions of the CFE (1.1) are first degree monomials.
Comparing the condition of "Q-linearly independence" in Pisot and Schoenberg (see [9] ) with our condition of being "dense in C," a natural question is whether they are related. The following examples show otherwise. 
Case of complex base elements
Using the same proofs as in Theorem 2.1 and Corollary 2.2, solutions of similar CFE with complex base elements α j and rational integer coefficients can accordingly be derived. We merely state the results omitting the proofs. (3) and (4) are analogous to those of (1) and (2), respectively.
(5) The former part follows from (2) while the latter follows readily from (1) and (3).
The condition of R + being dense in C implies that the base elements α j s neccessarily span the R-vector space C as followed from the next proposition. As in the case of real base elements, the notions of "Q-linear independence" and "denseness" are not equivalent in the complex base elements case either, as seen in the following examples. We end this paper with two final remarks. (i) In Theorem 3.1, the number of base elements α s which makes R + dense in C cannot be fewer than three. This is seen by noting that any set R + generated by two R-linearly independent base elements is made up only of lattice points spanned by the two α s, and is clearly not dense in C. This fact was already mentioned in [9, page 130] .
(ii) At the beginning of [8] , a question similar to an old theorem of Erdös [4] (see also [2, 3, 6, 7, 10, 11] ) is posed whether the functional equation 
